Stress intensity factor analysis of a three-dimensional interfacial corner between anisotropic bimaterials under thermal stress  by Nomura, Yoshiaki et al.
International Journal of Solids and Structures 47 (2010) 1775–1784Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsols t rStress intensity factor analysis of a three-dimensional interfacial corner
between anisotropic bimaterials under thermal stress
Yoshiaki Nomura, Toru Ikeda *, Noriyuki Miyazaki
Department of Mechanical Engineering and Science, Kyoto University, Yoshida-Honmachi, Sakyo-ku, Kyoto 606-8501, Japan
a r t i c l e i n f o a b s t r a c tArticle history:
Received 29 September 2008
Received in revised form 5 March 2010
Available online 15 March 2010
Keywords:
H-integral
Stress singularity
Interfacial corner
Anisotropic
Thermal stress
Stress intensity factor
Stroh formalism
Finite element method0020-7683/$ - see front matter  2010 Elsevier Ltd. A
doi:10.1016/j.ijsolstr.2010.03.005
* Corresponding author. Tel.: +81 75 753 5215; fax
E-mail address: ikeda@solid.me.kyoto-u.ac.jp (T. IkA numerical method using a path-independent H-integral based on the conservation integral was devel-
oped to analyze the singular stress ﬁeld of a three-dimensional interfacial corner between anisotropic
bimaterials under thermal stress. In the present method, the shape of the corner front is smooth. Accord-
ing to the theory of linear elasticity, asymptotic stress near the tip of a sharp interfacial corner is generally
singular as a result of a mismatch of the materials’ elastic constants. The eigenvalues and the eigenfunc-
tions are obtained using theWilliams eigenfunction method, which depends on the anisotropic materials’
properties and the geometry of an interfacial corner. The order of the singularity related to the eigenvalue
is real, complex or power-logarithmic. The amplitudes of the singular stress terms can be calculated using
the H-integral. The stress and displacement around an interfacial corner for the H-integral are obtained
using ﬁnite element analysis. In this study, a proposed deﬁnition of the stress intensity factors of an inter-
facial corner, which includes those of an interfacial crack and a homogeneous crack, is used to evaluate
the singular stress ﬁelds. Asymptotic solutions of stress and displacement around an interfacial corner
front are uniquely obtained using these stress intensity factors. To prove the accuracy of the present
method, several different kinds of examples are shown such as interfacial corners or cracks in three-
dimensional structures.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Micro-structures such as those utilized in electronic devices and
micro-electro mechanical systems (MEMS) are composed of many
different materials. Many interfacial corners exist in electronic de-
vices and MEMS because each of the materials employed has a dif-
ferent conﬁguration. Due to the mismatch of the materials’ thermal
expansion and elastic properties, the stress concentration at an
interfacial corner may cause failure. Therefore, the strength of an
interfacial corner is very important for the reliability of an elec-
tronic product.
Singular stress ﬁelds usually occur near the tip of a sharp inter-
facial corner, and they have been investigated in a number of stud-
ies. For two-dimensional problems, Williams (1952) used an
eigenvalue approach on a corner in homogeneous media, with this
method expanded in a later paper (1957). Stern et al. (1976),
Sinclair et al. (1984), Carpenter (1984) and Babuska and
Miller (1984) employed Betti’s reciprocal principle to derive the
path-independent H-integral and applied this integral to a corner
in an isotropic, homogeneous media for the calculation of stress
intensities. This approach was extended to a corner involvingll rights reserved.
: +81 75 753 5719.
eda).dissimilar isotropic materials by Carpenter and Byers (1987) and
to thermal elastic problems by Banks-Sills (1997, 2004). Using
the Stroh formalism (Stroh, 1958; Ting, 1996) and the H-integral,
asymptotic solutions to stress and displacement near the corner
of dissimilar anisotropic materials have been computed by
Labossiere and Dunn (1999). A general solution for the eigenvalues
of anisotropic multi-material corners has been provided by Hwu
et al. (2003) including non-degenerate materials, and by Barroso
et al. (2003) and Yin (2003), including both degenerate and non-
degenerate materials. Hartranft and Sih, 1969 described additional
eigenvalues and eigenfunctions for a three-dimensional crack in a
homogeneous isotropic material. Omer et al. (2004) and Yoshibash
et al. (2005) investigated the additional eigenvalues andeigenfunc-
tions of so-called ‘‘shadows” for three-dimensional polyhedral
domains of isotropic materials in the vicinity of an edge.
The H-integral was applied to a wedge corner that consists of
general anisotropic multi-materials, and the uniﬁed deﬁnition of
stress intensity factors of such a corner was proposed by Hwu
and Kuo (2007). For three-dimensional problems, the H-integral
was extended to the domain integral and applied to a straight cor-
ner in an isotropic, homogeneous structure by Ortiz et al. (2006).
Although many studies have clariﬁed the issues of three-dimen-
sional crack problems, three-dimensional corner problems are still
a relatively unexplored area of study.
1776 Y. Nomura et al. / International Journal of Solids and Structures 47 (2010) 1775–1784In the present paper, we propose a new numerical method to
analyze asymptotic stress and displacement ﬁelds around a
smooth-fronted three-dimensional interfacial corner between dis-
similar anisotropic materials under thermal stress. By using the
Williams eigenfunction expansion method, the Stroh formalism
and the H-integral extended to three-dimensional thermoelastic
problems, we can calculate asymptotic solutions near an interfacial
corner. Since the stress intensities around the corner tip are gener-
ally mixed-mode, the proposed deﬁnition of stress intensity factors
corresponding to the three deformation modes through the mode
separation from asymptotic stresses is used to evaluate the singu-
lar stress ﬁelds (Nomura et al., 2009). These three stress intensity
factors can lead to a precise asymptotic solution of stresses and
displacements and are directly connected to those of interfacial
cracks proposed by Hwu (1993) and of homogeneous cracks.2. Singular stress and displacement ﬁelds near the tip of corner
Consider the three-dimensional (3-D) wedge corner that con-
sists of n different anisotropic elastic materials as shown in
Fig. 1(a). The index k represents the wedge number in a multi-
material corner. Let (x1,x2,x3) be the local rectangular coordinate
system deﬁned in the following way: the origin is located on the
corner tip and the x3-axis coincides with the tangent vector of
the corner front as shown in Fig. 1(b). In the x1  x2 plane, let
(r,h) be the polar coordinate system. The asymptotic solutions near
the tip of a corner under thermal stress have been expressed as
(Labossiere and Dunn, 1999; Banks-Sills and Ishbir, 2004):
rkijðr; hÞ ¼
XN
m¼1
Cmrkm1f mkij ðhÞ þ rkij0ðr; hÞ
uki ðr; hÞ ¼
XN
m¼1
Cmrkmgmki ðhÞ þ uki0ðr; hÞ
ð1Þ
where Cm (m = I, II, . . . ,N) are scalar coefﬁcients obtained by the
H-integral, km are the eigenvalues (km  1 is the order of the singu-
larity), N is the number of the singular terms, f mkij and g
mk
i are eigen-
functions related to each eigenvalue km which depends upon angle
h. The last terms rkij0 and uki0 are the regular stress and displacement
components, respectively. The general solutions for the eigenvalues
and eigenfunctions of general anisotropic multibonded materialsx2
x1
θ0 θ1 θ2
θk
θn
1
2
n k
(a)
Fig. 1. (a) Deﬁnition of the local rectangular coordinate system in a 3-D cohave provided by Hwu et al. (2003). By employing the Stroh formal-
ism (Stroh, 1958; Ting, 1996), the general solutions near the tip are
expressed as
uk ¼ rk Ak l^kjkðhÞ
D E
ck þ Akl^kjkðhÞ
D E
dk
n o
ð2Þ
tk ¼ krk1 Bk l^kjkðhÞ
D E
ck þ Bk l^kjkðhÞ
D E
dk
n o
l^jkðhÞ ¼ cos hþ ljk sin h; j ¼ 1;2;3; ð3Þ
where t is the traction vector related to stresses through ti = rijnj in
which nj denotes the normal vector of the boundary, A and B are
3  3 complex matrices composed of Stroh’s eigenvectors, and lj
is Stroh’s eigenvalue. These eigenvectors and eigenvalues are func-
tions of the anisotropic elastic constants for each material. ck and dk
are complex coefﬁcient vectors to be determined through the satis-
faction of boundary conditions. The angular brackets hi stand for the
3  3 diagonal matrix, and the overbar denotes the conjugate of a
complex number. Both the 1st and the nth materials have a trac-
tion-free boundary condition on their corner ﬂanks, and the trac-
tions and displacements are continuous across each interface at
h = h1,h2, . . . ,hn shown in Fig. 1(a). These boundary conditions can
be written as
t1ðh0Þ ¼ tnðhnÞ ¼ 0;
tkðhkÞ ¼ tkþ1ðhkÞ; ukðhkÞ ¼ ukþ1ðhkÞ; k ¼ 1;2; . . . ;n 1:
ð4Þ
Substituting Eq. (2) into Eq. (4) and using the key matrix N
_
, the
boundary conditions are simpliﬁed as
E3p ¼ 0; E ¼
E1 E2
E3 E4
 
¼
Yn
k¼1
N
_
k
kðhk1; hkÞ; ð5Þ
where
N
_
k
kðhk1;hkÞ ¼
Ak Ak
Bk Bk
" # l^kjkðhk1Þl^kjk ðhkÞD E 0
0 l^kjkðhk1Þl^kjk ðhkÞ
D E
2
64
3
75 BTk ATk
BTk A
T
k
" #
:
ð6Þ
Here, N
_
is a 6  6 complex matrix, E3 is one of the 3  3 sub-
matrices of the 6  6 matrix E as shown in Eq. (5), and p* is a com-
plex vector related to ck and dk. Therefore the eigenvalue can be
obtained by
E3k k ¼ 0: ð7Þx1
x2
x3
Corner frontFree suface
r
θ
(b)
rner front. (b) Geometry of 2-D anisotropic n-multibonded materials.
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for km. Since the displacements are ﬁnite, only positive solutions
are permitted, 0 < Re[k], and singular stress terms are dominant
near the tip of a corner Re[k] < 1. Thus we will focus only on the
region
0 < Re½k < 1: ð8Þ
Using km obtained by Eq. (7) and key matrix N
_
, eigenfunctions
Fmk and gmk related to f mkij and g
mk
i are expressed as
gmkðhÞ
FmkðhÞ
( )
¼
N
_
km
k ðh;hkÞ
Qn
i¼kþ1
N
_
km
i ðhi1;hiÞ
p
0
 
; k¼ 1;2; . . . ;n1
N
_
km
k ðh;hkÞ
p
0
 
; k¼ n
8>><
>>:
ðnP 2Þ:
ð9Þ
Fmk is the eigenfunction of the stress function /mk which is gi-
ven by
/mk ¼ CmrkmFmkðhÞ: ð10Þ
The stress function is related to the stresses by
ri2 ¼ /i;1; ri1 ¼ /i;2; i ¼ 1;2;3: ð11Þ
From Eqs. (10) and (11), f mkij is obtained. g
mk and gmki have the
following relation.
gmkðhÞ ¼
gmk1 ðhÞ
gmk2 ðhÞ
gmk3 ðhÞ
8><
>:
9>=
>;: ð12Þ
In the singular terms, the only quantities in Eq. (1) that are not
obtained are scalar coefﬁcients Cm, which depend on far-ﬁeld
geometry and mechanical and thermal loading.
As mentioned in Section 1, Omer et al. (2004) and Yoshibash
et al. (2005) described additional eigenvalues, the so-called
‘‘shadow” eigenvalues, for three-dimensional polyhedrals in the
vicinity of an edge. In this study, we assumed that the effect of
the ‘‘shadow” eigenvalues could be ignored for the engineering
evaluation. However, the effect of ‘‘shadow” eigenvalues on the
singular stress ﬁeld around an edge in three-dimensional joined
anisotropic materials has not been investigated. This effect should
be investigated in future research.Fig. 2. Schematic of the domain and boundary surfaces.3. H-integral for 3-D thermoelastic problems
The path-independent integral for a two-dimensional (2-D) cor-
ner, or the H-integral, is based on Betti’s reciprocal principle
(Sokolnikoff, 1956), and it is employed to calculate the stress inten-
sities, which are usually mixed-mode for an interfacial corner. If
we consider a linear elastic body subjected to two systems of sur-
face forces, the actual ﬁeld and the complementary one, then the
H-integral is deﬁned by
H ¼
Z
C
ðrijui  rijuiÞnj dC; ð13Þ
where rij and ui are the actual stress and displacement, respectively,
and rij and ui are the complementary stress and displacement that
satisfy the same equilibrium and constitutive relations as the actual
ﬁelds. nj is the normal vector of the boundary and C is the integral
path surrounding an interfacial corner. Eq. (13) should be applied
for each wedge k in Fig. 1, separately. However, the index k will
be omitted for the sake of simplicity in this section. The H-integral
for 2-D thermoelastic problems was developed by Banks-Sills and
Ishbir (2004), and we extended it to the corner including aniso-
tropic materials (Nomura et al.).H ¼
Z
C
ðrijui  rijuiÞnj dC þ
Z
S
bij#eij dS; ð14Þ
where bij (=Cijksaks) is the thermal modulus, eij is the complementary
strain and # is the actual temperature.
From the original conservation integral, we developed the H-
integral for 3-D thermoelastic problems to calculate the scalar
coefﬁcient Cm. For the static loading conditions, the constitutive
and equilibrium relations and the strain–displacement relation
can be written as
rij ¼ Cijkseks  bij#; rij;j ¼ 0; eij ¼
1
2
ðui;j þ uj;iÞ: ð15Þ
In this condition, we consider a thermoelastic body subjected to
two systems, the actual and the complementary. Then, we get the
following conservation integral from Eq. (15)1:Z
V
rijeij  rijeij
 
dV þ
Z
V
bij#eij  bij#eij
 
dV ¼ 0; ð16Þ
where V is any domain not containing the singular point. Substitut-
ing Eq. (15)3 into the ﬁrst term on the left-hand side of Eq. (16), and
assuming that the stress is symmetric (rij = rji), Eq. (16) is written
asZ
V
rijui;j  rijui;j
 
dV þ
Z
V
bij#eij  bij#eij
 
dV ¼ 0: ð17Þ
The Gauss divergence theorem is applied to the ﬁrst term on the
left-hand side of Eq. (17) for each material wedge separately. The
surface integral along an interface between different materials
vanishes, according to the contribution from both materials. Then,
considering the equilibrium relation Eq. (15)2, we obtainZ
S
ðrijui  rijuiÞnj dSþ
Z
V
ðbij#eij  bij#eijÞdV ¼ 0; ð18Þ
where S is the closed-boundary surface of the domain V and nj is the
normal vector of the boundary S. The complementary solutions are
chosen as the isothermal problem (#* = 0). Therefore, Eq. (18)
becomesZ
S
ðrijui  rijuiÞnj dSþ
Z
V
bij#eij dV ¼ 0: ð19Þ
If this conservation integral Eq. (19) is applied to the 3-D corner,
the domain V is selected as shown in Fig. 2 and the surface S is se-
lected to be Sr + Sd + Sl + S0 + S1 + S2. Sr is the outer cylindrical surface
of radius r, and Sd is the inner cylindrical surface of small radius e > 0.
Sl and S0 are the front and back surfaces parallel to the x1  x2 plane.
S1 and S2 are the angle surfaces that contain the corner ﬂanks at
x3 = 0. We assume a traction-free condition on S1 and S2 if the width
x1
x2
x3
Crack front
S
Cr
Free surface
Fig. 3. Schematic of the H-integral contour in a 3-D structure.
α
β
x1
x2
Material A
Material B
r
Cr
Fig. 4. Geometry of an interfacial corner.
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that they also satisfy the traction-free condition on S1 and S2. Hence,
the surface integrals on S1 and S2 are zero, and Eq. (19) is written asZ
Sr
ðrijui  rijuiÞnj dSþ
Z
Sd
ðrijui  rijuiÞnj dS
þ
Z
Sl
ðrijui  rijuiÞnj dSþ
Z
S0
ðrijui  rijuiÞnj dSþ
Z
V
bij#eij dV ¼ 0:
ð20Þ
On Sl and S0, the normal vectors are (n1n2n3) = (001) and
(001), respectively. We consider the surface S0d whose normal
vector has the opposite direction to that of Sd. Then, Eq. (20)
becomesZ
S0d
ðrijui  rijuiÞnj dS ¼
Z
Sr
ðrijui  rijuiÞnj dSþ
Z
Sl
ðri3ui  ri3uiÞdS

Z
S0
ðri3ui  ri3uiÞdSþ
Z
V
bij#eij dV : ð21Þ
Since the width l is very small, we assume that the integrands
are constant with respect to x3. Therefore, Eq. (21) can be written
as
l
Z
C0d
ðrijui  rijuiÞnj dC ¼ l
Z
Cr
ðrijui  rijuiÞnj dC
þ
Z
Sl
ðri3ui  ri3uiÞdS

Z
S0
ðri3ui  ri3uiÞdSþ l
Z
S0
bij#eij dS;
ð22Þ
where C0d and Cr are the circular contours of radii d and r, respec-
tively. If the width l approaches zero, and we choose the comple-
mentary stress and displacement to be constant with respect to
x3, we getZ
C0d
ðrijui  rijuiÞnj dC ¼
Z
Cr
ðrijui  rijuiÞnj dC
þ
Z
S0
ðri3;3ui  ri3ui;3ÞdSþ
Z
S0
bij#eij dS:
ð23Þ
When the radius of the inner contour is reduced, in the limit as
d? 0, H is deﬁned as the integrand along C0d. Therefore, the path-
independent H-integral is deﬁned by
H ¼
Z
Cr
ðrijui  rijuiÞnj dC þ
Z
S
ðri3;3ui  ri3ui;3ÞdSþ
Z
S
bij#eij dS;
ð24Þ
where the integral surface S is the area inside the contour Cr as
shown in Fig. 3. The subscript k denoting the materials has been ne-
glected for simplicity. We integrated respective material k’s regions
individually in Eq. (24).4. Interfacial corners between bimaterials
In this section, we consider an interfacial corner between aniso-
tropic bimaterials as shown in Fig. 4, which shows a special case of
a wedge corner consisting of two-bonded materials. The x1-axis is
placed in the interface. For an interfacial corner, the combination of
the eigenvalues, calculation of the scalar coefﬁcients by the H-inte-
gral, the moving least-square method and the deﬁnition of the
stress intensity factors are treated.4.1. Five combinations of the eigenvalues
Substituting n = 2, k = A or B, h0 = b, h1 = 0 and h2 = a into Eqs.
(5), (7) and (9), these equations are simpliﬁed as
kE3k ¼ 0; E ¼ N
_
k
Bðb;0ÞN
_
k
Að0;aÞ ð25Þ
gmkðhÞ
FmkðhÞ
( )
¼
N
_
km
B ðh; 0ÞN
_
km
A ð0;aÞ
p
0
 
; ðb < h 6 0Þ
N
_
km
A ðh;aÞ
p
0
 
; ð0 6 h < aÞ:
8>><
>>:
ð26Þ
The eigenvalue obtained from Eq. (25) in the range of Eq. (8)
may be real or complex. If the eigenvalue is a repeated root, the
power-logarithmic stress singularities should be considered
(Dempsey, 1995). Since few situations yield this singular behavior,
the power-logarithmic type is not treated in the present study. The
combination of the eigenvalue types depends upon the wedge an-
gles (a,b) and the anisotropic elastic constants of the two materi-
als. Hwu and Kuo (2007) classiﬁed the types of solutions by
focusing on the most critical order. We assumed the following ﬁve
(A–E) examples based on their classiﬁcation system. We did not
take other possible combinations of eigenvalues into account in
this study.
(A) Three eigenvalues are real and non-repeated (N = 3),0 < kI < kII < kIII < 1: ð27Þ
(B) Two eigenvalues are real and non-repeated (N = 2),0 < kI < kII < 1: ð28Þ
Y. Nomura et al. / International Journal of Solids and Structures 47 (2010) 1775–1784 1779(C) One eigenvalue is real and triple root (N = 1),kI ¼ 0:5: ð29Þ
(D) Two eigenvalues are complex and conjugate, one eigenvalue
is real and non-repeated (N = 3),kI ¼ kþ ie; kII ¼ k ie; kIII ¼ k0; k 6 k0
kI ¼ k0; kII ¼ kþ ie; kIII ¼ k ie; k > k0:

ð30Þ(E) Two eigenvalues are complex and conjugate (N = 2),kI ¼ kþ ie; kII ¼ k ie; ð31ÞFig. 5. The divided element within the surface integral region.where k and e are real numbers. Since the singular terms associated
with kI, kII and kIII are generally mixed-mode, the subscript of the
eigenvalues has no relation with the three deformation modes.
However, when the in-plane and anti-plane deformations can be
decoupled, km can be classiﬁed into in-plane and anti-plane eigen-
values. Then, regardless the order of eigenvalues according to Eqs.
(25)–(29), kIII is chosen to be the anti-plane eigenvalue, which is
associated with anti-plane deformation, and the others (kI,kII) are
the in-plane eigenvalues.
Type (C), which is the case of a crack in a homogeneous mate-
rial, occurs if we set a = b = p and two identical materials A = B.
In this case, three linearly independent p* (p1;p

2;p

3Þ in Eq. (26)
are selected since k is a triple root. In spite of N = 1, three sets of
f mkij and g
mk
i corresponding to p

1; p

2, and p

3 exist, and three scalar
coefﬁcients Cm are needed. In the other cases, the number of Cm
needs to equal N. If the eigenvalue is complex, in the cases of (D)
and (E), the corresponding scalar coefﬁcient is also complex, so CI
and CII or CII and CIII are complex and conjugate.
4.2. Calculation of the scalar coefﬁcients by H-integral
As the H-integral path Cr, a circular contour-clockwise path is
selected for simplicity’s sake as shown in Fig. 4. If the complemen-
tary solutions are chosen properly, H equals the scalar coefﬁcient
Cm. Szabo and Babuska (1988) and Wu and Chang (1993) showed
that if km is a solution of Eq. (25), km is also a solution. So we
chose the complementary solutions as follows:
rkij ¼ Cmrkm1f mkij ðhÞ
uki ¼ Cmrkmgmki ðhÞ ð32Þ
1
Cm
¼
Z a
b
ðf mkij ðhÞgmki ðhÞ  f mkij ðhÞgmki ðhÞÞnj dh; ð33Þ
where f mkij and g
mk
i are obtained from Eq. (26) in the same way as
f mkij and g
mk
i are obtained. Superscript k represents the material A or
B, according to the region where the variable belongs. These com-
plementary solutions also satisfy the equilibrium and constitutive
relations. By shrinking the inner path, the dominant contribution
to the solutions inside the region comes from the singular terms.
So, substituting Eqs. (1) and (32) into the H-integral of Eq. (23) with
the limit as d? 0, and using C* given in Eq. (33), we obtain
Hm ¼ lim
d!0
Z a
b
ðrkijuki  rkij uki Þnjddh ¼ Cm: ð34Þ
In the case of m = I, the singular stresses and displacements
associated with the minimum eigenvalue kI of the actual ﬁeld in
Eq. (1) are of the order OðdkI1Þ and OðdkI Þ, respectively. Those of
the complementary ﬁeld in Eq. (32) are of the order OðdkI1Þ and
OðdkI Þ. Therefore, the products of the above stresses and displace-
ments expressed in Eq. (34) are of the order O(d1), and the other
terms, whose orders are OðdkIIkI Þ or OðdkIIIkI Þ, are eliminated by
d? 0. Therefore, only the scalar coefﬁcient CI is left. In the same
way, in the other cases in which m = II or III, the products of stres-
ses and displacements associated with the eigenvalue kII, e.g., in Eq.(1) and their complements are of the order O(d1), but the other
terms whose order is OðdkIkII Þ cannot be eliminated by d? 0.
These terms are dissolved by the following relation:Z a
b
ðf lkij ðhÞgmki ðhÞ  f mkij ðhÞglki ðhÞÞnj dh ¼ 0; l–m: ð35Þ
Since the explicit expressions of f mkij ; g
mk
i , f
mk
ij and g
mk
i are also
complicated, a rigorous proof is not easily performed. Instead, a
numerical check has been done for all cases (A–E). In order to ob-
tain all the scalar coefﬁcients Cm, we need to evaluate the H-inte-
gral N times using the N patterns of Eqs. (32) and (33).
In the right-hand side of Eq. (24), the numerical solutions ob-
tained using the ﬁnite element method are employed for the actual
stress and displacement, and Eqs. (32) and (33) are used for the
complementary values. Since complementary stress, strain and
displacement in the surface integral on the right-hand side of Eq.
(24) are of order Oðrkm1Þ or Oðrkm Þ, they are highly singular
and cannot be integrated by standard numerical methods near
the tip. To overcome this difﬁculty, the integral region is divided
into the differential elements of area as shown in Fig. 5, and the
analytic integration is carried out for a radial direction. When the
integral path is circular, the element within the region is rdrdh,
and if we assume that ri3;3;ui;3; f mkij ; gmki and # in each element
are constant in each element, the second and third terms of Eq.
(24) can be rewritten asZ
S
ðri3;3ui  ri3ui;3Þrdr dh ¼ C
X
a
X
b
ri3;3gmi
2 km r
2km
a  r2kma1
 	
 ui;3f
m
i3
1 km r
1km
a  r1kma1
 	ðhb  hb1Þ
ð36ÞZ
S
bij#emij rdr dh ¼
C
1 km
X
a
X
b
aij#f mij r
1km
a  r1kma1
 	
ðhb  hb1Þ; ð37Þ
where the subscript k has been neglected for the sake of simplicity.
Using this method, we can avoid higher singular integration, which
causes a large numerical error.
4.3. Moving least-square method
The moving least-square method (Lancaster and Salkauskas,
1981) is used as a pre-processing step of the H-integral. In many
cases, data preparation for post-processing is troublesome. There-
fore, using the moving least-square method, the stress, strain and
displacement used for the H-integral are approximated automati-
cally based on nodal displacements obtained using the ﬁnite ele-
ment method. The formulation of the moving least-square
method is described as follows. The approximation of displace-
ment at an arbitrary point can be written as
1780 Y. Nomura et al. / International Journal of Solids and Structures 47 (2010) 1775–1784uhðbixÞ ¼ pTðxÞaðxÞ ð38Þ
pðxÞ ¼ f1; x; ygT : ð39Þ
a(x) is determined by minimizing the following weighted least-
square form,
RðxÞ ¼
Xn
I
wðx xIÞ½pTðxIÞaðxÞ  uI2; ð40Þ
where uI is the displacement at node I as shown in Fig. 6. The fol-
lowing exponential weight function was employed in this paper:
wðdIÞ ¼
expððdI=cÞ2ÞexpððdmI=cÞ2Þ
1expððdmI=cÞ2Þ
if dI 6 dmI
0 if dI > dmI
(
; ð41Þ
where dI ¼ kx xIk; c ¼ bdmI , and b is a parameter which deter-
mines the sharpness of the weight function. a(x) is determined by
taking the extremum of R(x), and by substituting a(x) into Eq.
(38) to obtain
uh ¼
Xn
I
Xm
j
pjðxÞ½X1ðxÞYðxÞjIuI 
Xn
I
/IðxÞuI; ð42Þ
where the shape function is given by
/IðxÞ ¼
Xm
j
pjðxÞ½X1ðxÞYðxÞjI ð43Þ
XðxÞ ¼Pn
I
wðx xIÞpðxIÞpTðxIÞ
YðxÞ ¼ ½wðx x1Þpðx1Þ;wðx x2Þpðx2Þ; . . . ;wðx xIÞpðxIÞ:
ð44Þσ0
σ14.4. A deﬁnition of stress intensity factors
A uniﬁed deﬁnition of the stress intensity factors of an interfa-
cial corner between anisotropic bimaterials has been proposed by
Hwu and Kuo (2007), and it includes the deﬁnition of an interfacial
crack (Hwu, 1993) and a crack in homogeneous material, as
follows:
k ¼
K II
K I
K III
8><
>:
9>=
>; ¼ limr!0
h¼0
ﬃﬃﬃﬃﬃﬃ
2p
p
r1Re½kI KðhÞhðr=lkÞiem iK1ðhÞ
r12
r22
r32
8><
>:
9>=
>; ð45Þ
KðhÞ ¼ ½FIðhÞ FIIðhÞ FIIIðhÞ; ð46Þ
where lk is a length parameter that may be chosen arbitrarily. How-
ever, since the stress intensity factors for different lk values cannot
be compared, the length parameter should be selected as a ﬁxeddmI
u2
u1
u3
u6
u4
u7
u5
u8
evaluation point
satellite node
non-satellite node
Fig. 6. The concept of moving least-square method.value. F is obtained from Eq. (26), and hi stands for the 3  3 diag-
onal matrix, m = I, II, III .
In Eq. (45), only the smallest critical eigenvalue kI is considered,
and the physical meaning of this deﬁnition is clear. When r? 0,
i.e., near the tip ﬁeld, the term associated with kI will dominate
the stress behavior. However, in the actual fracture, the terms asso-
ciated with minor eigenvalues, kII and kIII, may have considerable
inﬂuence. Therefore, we propose a modiﬁed deﬁnition of the stress
intensity factors for engineering applications, as follows:
k ¼
K II
K I
K III
8><
>:
9>=
>; ¼ limr!0
h¼0
ﬃﬃﬃﬃﬃﬃ
2p
p
l1Re½kI k KðhÞhðr=lkÞ1km iK1ðhÞ
r12
r22
r32
8><
>:
9>=
>;:
ð47Þ
If the two eigenvalues exist, as in the cases of (B) and (E), the
diagonal matrix and K are 2  2 and 3  2 matrices, respectively.
In the case of K being a 3  2 matrix, one of the three modes is
independent, and the matrix can be divided into a 2  2 matrix
and a scalar value. Deﬁned stress intensity factors have the dimen-
sion related to the smallest eigenvalue kI, because the stress inten-
sity factors that have different dimensions are uniﬁed by the
dominant dimension. The physical meaning of this deﬁnition is
not as clear as that of the deﬁnition in Eq. (45); however, since
the inﬂuence of all the singular terms can be reﬂected in the three
stress intensity factors, KI, KII and KIII, it is convenient for use in ac-
tual facture evaluation. In our previous study (Nomura et al., 2009),
we compared asymptotic solutions of stress near the tip of an
interfacial corner obtained by the original and modiﬁed deﬁnitions.
The asymptotic solution obtained by the modiﬁed stress intensity
factors corresponded with the stress distribution around an inter-
facial corner in a wider region than that obtained by the original
stress intensity factors.
Asymptotic solutions of stress and displacement near the tip of
an interfacial corner are uniquely obtained using these stress
intensity factors. For example, the stress ahead of an interfacial
corner is expressed as
r12
r22
r32
8><
>:
9>=
>; ¼
lRe½kI 1k ﬃﬃﬃﬃﬃﬃ
2p
p Kð0Þhðr=lkÞkm1iK1ð0Þ
K II
K I
K III
8><
>:
9>=
>;þ
r120
r220
r320
8><
>:
9>=
>;: ð48Þa
a
10a
10a
10a
σ0
σ2
Z
Y
X
Crack
θ
Fig. 7. A penny-shaped interfacial crack between semi-inﬁnite dissimilar isotropic
materials under uniform tension.
Table 1
Stress intensity factors (MPa
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mm
p Þ calculated by four different radii of the H-integral
path.
r (mm) KII KI KIII
2.0 15.946
(0.7020%)
32.934
(0.7285%)
0.0028
(0.008%)
3.0 15.850
(0.4553%)
32.870
(0.5629%)
0.0029
(0.008%)
4.0 15.834
(0.4111%)
32.875
(0.5767%)
0.0028
(0.008%)
5.0 15.848
(0.4498%)
32.905
(0.6595%)
0.0029
(0.008%)
Kassir and Bregman, 1972
translated for lk = 10 lm
15.685 32.666 0.000
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obtain the relation between the scalar coefﬁcient Cm and these
stress intensity factors, as follows:
K II
K I
K III
8><
>:
9>=
>; ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
CIl
Im½kI 
k
f I12ð0Þ
f I22ð0Þ
f I32ð0Þ
8><
>:
9>=
>;þ CIIlkIIRe½kI k
f II12ð0Þ
f II22ð0Þ
f II32ð0Þ
8><
>:
9>=
>;
2
64
þ CIIIlkIIIRe½kI k
f III12ð0Þ
f III22ð0Þ
f III32ð0Þ
8><
>:
9>=
>;
3
75: ð49Þ
In the cases of (B) and (E), the third term is absent. If lk is chan-
ged to lk0, the relation of the stress intensity factors in Eq. (47) is
written as
k0ðl0kÞ ¼ Kð0Þ ðlk=l0kÞRe½kI km
D E
K1ð0ÞkðlkÞ: ð50Þ5. Numerical results
The accuracy and efﬁciency of the present method has been
examined for several interfacial corner or crack problems. Note
that for all the examples, elastic analyses were carried out using
the ﬁnite element method program. Twenty noded isoparametric
elements were used. The moving least-square method was used
to determine stresses and displacements along circular paths
around an interfacial corner. The length parameter lk was selected
to be 10 lm.2a
2a
135º
0.5a
Z
Aragonite
GSO
a
h
0
–100
K X
σ
Fig. 8. A single-edge interfacial corner between dissimilar anisotropic mate5.1. A penny-shaped interfacial crack between dissimilar isotropic
materials
As a benchmark, a penny-shaped interfacial crack with a diam-
eter of 2a between inﬁnite dissimilar isotropic media subjected to
the remote tension r0 as shown in Fig. 7 was analyzed. In this case,
there is no thermal loading. The analytical solution of the stress
intensity factors was proposed by Kassir and Bregman (1972) as
K I þ iK II ¼ 2r0
ﬃﬃﬃ
a
p Cð2þ ieÞ
Cð1=2þ ieÞ for lk ¼ 2a; ð51Þ
where C is the gamma function, and i is the complex constant
(i2 = 1). When the reference length lk is different from the crack
length 2a, like the example shown in Table 1, Eq. (50) is needed
for the calculation of the corresponding stress intensity factors. Uni-
form stresses r1 and r2 along the outer wall (see Fig. 7) are required
to satisfy the continuity of displacement along the interface, i.e.,
r2 ¼ 11 m2
l2
l1
1 m1ð Þr1 þ m2  l2l1
m1
 
r0
 
; ð52Þ
where lj and mj are the shear modulus and Poisson’s ratio of mate-
rial j, respectively.
Due to the symmetric geometry, one-quarter of the problem
was modeled as shown in Fig. 7. Young’s moduli and Poisson’s
ratios were set to be E1 = 150 GPa, E2 = 20 GPa, and m1 = 0.30,
m2 = 0.25, respectively. The corresponding bimaterial constant is
e = 0.08552; therefore, the eigenvalues are kI = 0.5 + ie, kII =
0.5  ie and kIII = 0.5. The remote tension (r0) was 10 MPa. The
number of nodes and elements of the FE mesh were 131,239 and
30,770, respectively. The size of the smallest elements was 1/20
of the crack radius a (10 mm). The relative errors of the numerical
results obtained by the present method based on the analytical
solution were deﬁned as
Errori ¼ Ki  Kiexactﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K2I exact þ K2II exact þ K2III exact
q ði ¼ I; II; IIIÞ; ð53Þ
where Errori is the relative error (%), and Ki exact is the analytical
solution of the SIF.
The stress intensity factors at h ¼ 45 of the crack front (see
Fig. 7) calculated by four different radii r of the H-integral path
are shown in Table 1. In this example, the error of KI is larger than
those of KII and KIII because KI is the dominant mode. The obtainedX
Y
rials under non-uniform change of temperature and uniform tension.
Table 2
Elastic stiffness Cij (GPa) and CTE. aij (106 K1) of anisotropic materials.
Aragonite
(orthotropic)
GSO
(monoclinic)
Elastic stiffness
C11 160 223
C12 36.6 108
C13 1.97 98.5
C15 0 84
C22 87 150
C23 15.9 102
C25 0 33.3
C33 85 251
C35 0 6
C44 41.3 78.8
C46 0 6.6
C55 25.6 68.8
C66 42.7 82.7
CTE
a11 35.0 4.4
a22 17.0 14.0
a33 10.0 6.8
a31 0.0 1.4
0.010.001
Distance from
0.1
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and accuracy within 1%.
5.2. A single-edge interfacial corner between dissimilar anisotropic
materials
We consider a single-edge interfacial corner (a = 2 mm,
h = 0.18 mm) as shown in Fig. 8. The wedge angles of aragonite
and GSO are a ¼ 180 and b ¼ 135, respectively. The stress inten-
sity factors subjected to a non-uniform change of temperature and
a uniform tension r = 5.0 MPa were analyzed. The change of tem-
perature has a uniform gradient with respect to the X-direction,
25 [K/mm]. The material properties of aragonite and GSO are
shown in Table 2. The number of nodes and elements of the FE
mesh, whose smallest element near the tip was 0.002 mm, were
514,458 and 123,876, respectively.
The eigenvalues were kI ¼ 0:5010; kII ¼ 0:5306 and kIII ¼
0:6590. The stress intensity factors atZ = 0.5 mm,whosedimensions
are related to the smallest eigenvalue kI are KI = 40.94, KII = 50.34
and K III ¼ 1:482 MPa mm0:499. By substituting the stress intensity
factors obtained by the H-integral into Eq. (47), the stress10.1
 a corner tip [mm]
agonite-GSO bimaterial interface.
5º
5º
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2aa
een dissimilar anisotropic materials.
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Fig. 11. Distribution of the stress intensity factors along the corner front.
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regular terms were ignored. Excellent agreement between these
results and the ﬁnite element solutions is shown in Fig. 9, and the
accuracy of the stress intensity factorswas indirectly demonstrated.
Moreover, it can be found that the ratio of stress intensity factors
corresponds to the proportion of stress in three deformationmodes,
qualitatively.
In this case, very ﬁne mesh was used in order to represent accu-
rately the stresses in the vicinity of the corner tip. However, coar-
ser meshes are adequate for the sake of calculating the stress
intensity factors.
5.3. A rounded interfacial corner between dissimilar anisotropic
materials
An interfacial corner which had a rounded front subjected to a
uniform change of temperature 50 K as shown in Fig. 10 was ana-
lyzed (a = 1 mm). The wedge angles of aragonite and GSO are
a = 135 and b = 135, respectively. The material properties of the
respective materials are shown in Table 2. The number of nodes
and elements of the FE mesh, whose smallest element near the
tip was 0.1 mm, were 375,725 and 90,240, respectively.
Fig. 11 shows the distribution of stress intensity factors along
the corner front. The distribution demonstrates complex variation,
though it is skew-symmetric with respect to h = 180. It is an inter-
esting issue how the complex variation of stress intensity factors
along a corner front inﬂuences the actual fracture from an interfa-
cial corner front.6. Conclusion
A numerical method using the path-independent H-integral
based on the conservation integral was developed to analyze the
stress intensity factors of a three-dimensional interfacial corner
between anisotropic bimaterials under thermal stress. For evaluat-
ing the amplitudes of the analyzed singular stress ﬁeld, a newly
proposed deﬁnition of the stress intensity factors of an interfacial
corner, which involves the smooth expansion of the stress intensity
factors of an interfacial crack, was used. Using these stress inten-sity factors, asymptotic solutions of stress and displacement
around an interfacial corner can be uniquely obtained. Using the
present method, the analyses of interfacial corners subjected to
thermal and mechanical loading were performed and the stress
intensity factors were calculated. The calculated stress intensity
factors agreed very well with the analytical solutions, and showed
good path-independency. And the asymptotic stress solutions ob-
tained by the stress intensity factors showed excellent agreement
with the distribution of stress around the anisotropic bimaterial
corner which had no analytical solutions. This proved the accuracy
of the present method indirectly.
References
Babuska, I., Miller, A., 1984. The post-processing approach in the ﬁnite element
method – Part 2: The calculation of stress intensity factors. International Journal
for Numerical Methods in Engineering 20 (6), 1111–1129.
Banks-Sills, L., 1997. A conservative integral for determining stress intensity factors
of a bimaterial strip. International Journal of Fracture 86 (4), 385–398.
Banks-Sills, L., Ishbir, C., 2004. A conservative integral for bimaterial notches
subjected to thermal stresses. International Journal for Numerical Methods in
Engineering 60 (6), 1075–1102.
Barroso, A., Mantic, V., Parı´s, F., 2003. Singularity analysis of anisotropic
multimaterial corners. International Journal of Fracture 119, 1–23.
Carpenter, W.C., 1984. Calculation of fracture parameters for a general corner.
International Journal of Fracture 24 (1), 45–58.
Carpenter, W.C., Byers, C., 1987. A path independent integral for computing stress
intensities for V-notched cracks in a bi-material. International Journal of
Fracture 35 (4), 245–268.
Dempsey, J.P., 1995. Power-logarithmic stress singularities at bi-material corners
and interface cracks. Journal of Adhesion Science and Technology 9 (2), 253–
265.
Hartranft, R.J., Sih, G.C., 1969. The use of eigenfunction expansions in the general
solution of three-dimensional crack problems. Journal of Mathematics and
Mechanics 19 (2), 123–138.
Hwu, C., 1993. Explicit solutions for collinear interface crack problems.
International Journal of Solids and Structures 30 (3), 301–312.
Hwu, C., Kuo, T.L., 2007. A uniﬁed deﬁnition for stress intensity factors of interface
corners and cracks. International Journal of Solids and Structures 44 (18–19),
6340–6359.
Hwu, C., Omiya, M., Kishimoto, K., 2003. A key matrix N for the stress singularity of
the anisotropic elastic composite wedges. JSME International Journal Series A
46 (1), 40–50.
Kassir, M.K., Bregman, A.M., 1972. The stress intensity factor for a penny-shaped
crack between two dissimilar materials. Journal of Applied Mechanics 39 (1),
308–310.
Labossiere, P.E.W., Dunn, M.L., 1999. Stress intensities at interface corners in
anisotropic bimaterials. Engineering Fracture Mechanics 62 (6), 555–575.
1784 Y. Nomura et al. / International Journal of Solids and Structures 47 (2010) 1775–1784Lancaster, P., Salkauskas, K., 1981. Surface generated by moving least squares
methods. Mathematics of Computation 37 (155), 141–158.
Nomura, Y., Ikeda, T., Miyazaki, N., 2009. Stress intensity factor at an interfacial
corner between anisotropic bimaterials under thermal stress. Engineering
Fracture Mechanics 76, 221–235.
Omer, N., Yosibash, Z., Costabel, M., Dauge, M., 2004. Edge ﬂux intensity functions in
polyhedral domains and their extraction by a quasidual function method.
International Journal of Fracture 129, 97–130.
Ortiz, J.E., Mantic, V., Paris, F., 2006. A domain-independent integral for
computation of stress intensity factors along three-dimensional crack fronts
and edges by BEM. International Journal of Solids and Structures 43 (18–19),
5593–5612.
Sinclair, G.B., Okajima, M., Grifﬁn, J.H., 1984. Path independent integrals for
computing stress intensity factors at sharp corners in elastic plates.
International Journal for Numerical Methods in Engineering 20 (6), 999–1008.
Sokolnikoff, I.S., 1956. Mathematical Theory of Elasticity, second ed. McGraw-
Hill.
Stern, M., Becker, E.B., Dunham, R.S., 1976. A contour integral computation of
mixed-mode stress intensity factors. International Journal of Fracture 12 (3),
359–368.
Stroh, A.N., 1958. Dislocations and cracks in anisotropic elasticity. Philosophical
Magazine 3 (30), 625–626.Szabo, B.A., Babuska, I., 1988. Computation of the Amplitude of Stress Singular
Terms for Cracks and Reentrant Corners. ASTM, Philadelphia. STP 969, pp. 101–
124.
Ting, T.C.T., 1996. Anisotropic Elasticity: Theory and Application. Oxford University
Press, NY.
Williams, M.L., 1952. Stress singularities resulting from various boundary
conditions in angular corners of plates in extension. Journal of Applied
Mechanics 19, 526–528.
Wu, K.C., Chang, F.T., 1993. Near-tip ﬁelds in a notched body with dislocations and
body forces. Journal of Applied Mechanics 60 (4), 936–941.
Yin, W.L., 2003. Anisotropic elasticity and multi-material singularities. Journal of
Elasticity 71, 263–292.
Yoshibash, Z., Omer, N., Costabel, M., Dauge, M., 2005. Edge stress intensity
functions in polyhedral domains and their extractions by a quasidual function
method. International Journal of Fracture 136, 37–73.
Further reading
Williams, M.L., 1957. On the stress distribution at the base of a stationary crack.
Transactions of the ASME. Journal of Applied Mechanics 24, 109–114.
